8. Introduction to C, and C,(X,2)

If X and Y are spaces, then Y¥ is considered with the Tychonoff product topol-
ogy. Points of YX are treated as functions from X to Y. The subspace of Y X
consisting of all continuous functions is denoted by C,(X,Y). The basic open sets
in Cp(X,Y) are of the form

W(xlv Ly Ula Uk) = {g S Cp(va) : g(‘rl) € U17 7g(xk) € Uk}

where k € N, 21, ...,z € X and Uy, ...Uy are open sets in Y.

Proposition 1. ([Arh], Proposition 0.3.1) If B is a base of Y, then {W (21, ...xx, U, ...

z1, ...z € X, Uy,..Uy € B, ke€N} is abase of Cp(X,Y).

In the case Y = R, C(X,R) is denoted simply by C,(X). The basic open sets
in Cp(X) may be taken of the form

W(f, 1, ....,zp,e) ={g € Cp(X) : |g(x;) — f(z;)| <e for i =1,..,k}

where f € Cp(X), 21,...,2, € X and € > 0.

In the case Y = 2 (or Y = a discrete space of larger cardinality), the basic open
sets also take some specially simple form. Let Fx be the set of all finite functions
from X to 2 (that is, functions whose domains are finite subsets of X.) For ¢ € Fx,
put

W(p) ={g € Cp(X,2) : glaom(y) = ¥}
Alternatively, for f € C,(X,2) and a finite A C X, put

W(f,4) = {g € Cp(X,2) : g|a = fla}-

Proposition 2. ([Arh], Proposition 0.3.2) If Y C Z, then C,(X,Y) is a subspace
in Cp(X, Z). Moreover, if Y is closed in Z, then Cp(X,Y) is closed in Cp(X, Z).

Proposition 3. ([Arh], Proposition 0.3.3) Cp(X,[[{Ys : a € A} is canonically
homeomorphic to [[{Cp(X,Y,) : a € A}.

Proposition 4. ([Arh], Proposition 0.3.4) Let X = Y {X, : a € A} be a discrete
topological sum. Then Cp(X,Y) is canonically homeomorphic to [[{Cp(Xa,Y) :
ae A}

Proposition 5. ([Arh], Proposition 0.3.5) C,(X) is a locally convex linear topo-
logical space over R.

Proposition 6. ([Arh], Proposition 0.3.6) C,(X) is dense in R¥.

Say that X is weakly zero-dimensional if every two distinct points of X can be
separated by clopen sets.

Proposition 7. If X is weakly zero-dimensional, then for every Y, Cp,(X,Y) is
dense in YX.

e In particular, if X is weakly zero-dimensional, then C,(X,2) is dense in
2%, Cp(X,w) is dense in w¥, etc. Henceforward, we consider C,(X,2) or
Cp(X,w) only for weakly zero-dimensional X.

e Can Proposition 7 be conversed?

e Is there a weakly zero-dimensional space which is not zero-dimensional?
Equivalently: let 73 and 73 be two topologies on X such that 7; C 73,
Suppose (X, 77) is zero-dimensional. Must (X, 73) be zero-dimensional?
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Proposition 8. ([Arh], Corollary 0.3.7) ¢(Cp(X)) = w for every X.

Proposition 9. If Y is separable, then ¢(Cp(X,Y)) = w for every weakly zero-
dimensional space X.

Proposition 10. ([AP], p. 300 of the Russian edition, No 133) If a C.C.C. space
X is paracompact, then X is Lindeldf.

(Hint: paracompact < every open cover has a o-discrete open refinement.)

Proposition 11. ([Arh], remark after Corolary 0.3.7) C,(X) is paracompact iff
Cp(X) is Lindeldf.

e The same is true for Cp,(X,Y) when X is weakly zero-dimensional and YV
separable.

e Show that in general Cp,(X,Y’) may be paracompact but not Lindeldf.

e Suppose all finite powers of Y are Lindelof and C,,(X,Y") is paracompact.
Must Cp(X,Y") be Lindelof?

Proposition 12. ([Arh], Theorem 1.1.1) |X| = x(Cp(X)) = w(Cp(X)).

Proposition 13. ([Arh], Proposition 0.3.14) Every uncountable regular cardinal is
a precaliber of Cp(X).

(1) The same is true for C,(X,Y") whenever X is weakly zero-dimensional and
Y separable.

(2) If X is discrete, then C,(X,Y) = Y.

(3) If both X and Y are countable, first countable, and do not have isolated
points, then X and Y are homeomorphic (to each other and to Q, the space
of rational numbers.)

(4) If X is a (infinite) zero-dimensional compact space, then |C), (X, 2)| = w(X).
In particular, if X is a second countable zero-dimensional compact space,
then Cp(X,2) is countable.

(5) If X is pseudocompact, then Cp(X) =J
Cp(Xvw) = Unew CP(X7 n).

(6) If X is a second countable zero-dimensional compact space, then Cp(X,w)
is countable.

(7) By the way, the previous result provides an alternative proof of the special
case of Hewitt-Marczewski-Pondiczery theorem: if Z is separable, then Z¢
is separable. Instead of Z¢, consider Z% where K is some zero dimensional
second countable compact space (for example, the Cantor set K = 2¢). Let
D be a dense countable subspace in Z. Let D be the discrete topology on
D. Then C,(K, (D, D)) can be regarded as a (dense) subspace in ZX.

(8) If X countably infinite and compact, then C},(X,2) and Cp(X,w) are home-
omorphic to Q.
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A space Z is perfectly »x-normal if every regular closed set is a zero-set.
Proposition 14. For every 7, R” is perfectly s-normal.

Proof: Let U be open in R™. Extract a maximal family V of pairwise disjoint
basic open sets contained in U. Then V is at most countable. For every V € V
there is finite Ky C 7 such that w[_{‘l/ (rx, (V) =V. Put K = UyepKy. Then K
is at most countable. We have 7' (15 (UV)) = UV and thus 7 (15 (UV)) = UV.
But UV is dense in U, so UV = U. Therefore 7' (7 (U)) = U. Now, 7x(U) is
a closed set in a second countable space, thus a zero-set. There is a continuous
function h : RX — R such that 7x(U) = h=(0). Then U = (ho7mg)~1(0). O

Proposition 15. A dense subspace in a perfectly »x-normal space is perfectly -
normal.

Proposition 16. ([Arh], Proposition 0.3.16) Cy,(X) is perfectly s»-normal.

e Two disjoint regular closed sets in a perfectly s-normal space can be sep-
arated.
e A closed set in a perfectly »-normal space does not have to be a zero set.



